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Motivation

1. For uniformly AS of time-varying systems, Theorem 14.2 guarantees uniform AS if
Lyaponov condition 1s satisfied:

W (x)<V(t, x)<W,(x):

oV orv
—+—f(t.x) < W, (x).
o axf(’ ) < —Wy(x).
where W (x) (j=12.3) are all positive defimte. If 77;(x) >0 1s semi-positive

definite, then. uniform stability can be guaranteed. How about for uniform AS like
LaSalle invariance principle? In general. it is not true. However, we have
Invariance-Like Theorem.

2. Barbalet lemma plays a key role in Lyapunov stability of time-varying systems.
However, there 1s some certain puzzle unclear.




Barbalat Lemma

Still consider the time-varying system

x=f(1.x). (15.1)
where f 1s continuous and locally Lip. in x on [0.w)xD, and DcR" 1s a
domain contamning the origin, and f(7.0)=0, V>0,
Barbalat Lemma Let ¢:R—> R be a uniformly continuous function on [0, «).
Suppose that }EEI;@(S)dS exists and finite. Then, ¢(f) >0 as f—>x.

Remark 15.1 How to know that a continuous function is uniformly continuous over

[0. 0) 1s a key 1n applications. The proof of Barbalat lemma itself 1s simple. It can be

founded 1n any book of advanced calculus.




Remark 15.2 Barbalat Lemma itself 1s nothing with (15.1). However, it plays
mmportant role but having some puzzle for UAS of (15.1) when 1t connects trajectories
of (15.1). Barbalat Lemma has several variations. I hope you do a survey on Barbalat
Lemma 1f you are interested 1n this topic.




Invariance-Like Theorem

Theorem 15.1 (Invariance-Like Theorem)

Suppose that f(7.x) 1is continuous and local Lipschitz with | f(7.x)[< K for

all (1,x)e[0,0)xD.Let V:[0,0)xD — R beof C' such that

W (x)<V(t.x)<W,(x): (15.2)
%+Z—Vf(r,x)<_:—W3(x), V>0, VxeD, (15.3)
. X

where 7. (x)>0( j=1.2) are positively defimite and 77;(x)=0 1s positively
semi-definite on D . Then, all trajectories x(7:7,,x,) of the system (15.1) with

x,e{xeB cD|W,(x)< p}., where p< |m|i—n- 7,(x) . are bounded and satisty




lm W, (x(t:t,, x,))=0. (15.4)
Moreover, if all the assumptions hold globally and 7, (x) 1s radially unbounded, the

statement 1s true forall x, e R”.

Proof. Similar to the proof of Theorem 14.1. 1t can be shown that

Xo€{XeB, | W,(x)<p;cQ,, =
x(tity.x0)€Q, ,cixeB, | W(x)<p}cB,. forall 1>0.
Hence, |[[x(#:7,,x,)|[/<r for all #>0 . Smnce V'(r,x)<0, V(f,x) 1s non-

increasing on 7>7, along the trajectories x(7;7,.x,) and bounded below by zero.




Therefore,

}1_}12 V(t,x(t: 1y, x,))
exists and finite for each (7,.x,)€[0.x)x{xe B | W,(x)< p}. Now,
Ir: W,(x(s:ty.x,))ds < —j.; V'i(s.x(s:ty.x,))ds =V (fy,x,) < W,(x,)
holds uniformly m 7, > 0, which implies that
!1_}1}.;1 ; Wi(x(s:ty,x,))ds =W,(x,) < oo, uniformly in 7,>0.
Next, we need to prove that W, (x(7:7,.x,)) 1s uniformly continuous in 7 on

[7,-). Forany f,.,f,>17,.we have

ty
(13710 3%) ~x(ty510. %) | = [ 7 £ (5. xCs: 0 v | ds < K1, -1, <0




- . : .
whenever |7, —1,|< 0O N Therefore, x(#:7,.x,) 1s umformly continuous on
[fo-). So1s W, (x(f:1,.x,)) because W ,(x) 1s continuous on the compact set B,

and x,e{xeB | W,(x)<p} = x(f:1,.x,) € B, . so it 1s uniformly continuous on B, .

Then, the application of Barbalat Lemma yields
Im W (x(t:t,.x,)) =0, for x,e{xeB | W,(x)< p}. (15.5)

uniformly i 7,20.(?)
If all the assumptions hold globally and 7 (x) 1s radially unbounded, for any

given x, R", thereexists p>0 s.t

XpelxeB, | W,(x)<picQ, .

The rest of the proof is the same to the local. This completes the proof. O




Remark 15.3 There is a puzzle for (15.5). Is 1t really uniformly convergent with

respect to the mitial time 7,>0? This 1s not sure from the above proof through

Barbalat Lemma. How to give a rigorous proof 1s interesting!! Or give a counter-
example to show that satisfying Barbalat Lemma in compound function form with

x(t:1,,x,) 1s not uniformly convergent!! Please pay attention on this 1ssue because 1t

1s fundamental in analysis of time-varying systems.

Remark 154 lmlW,(x(f:1,,x,))=0 < x(f:f,,x,)>S={xeB_ |[W,(x)=0} as

t— . Since S may have no invariant set as for LaSalle Invariance Principle! It is
essentially different from the case of autonomous systems.




Remark 15.5 If (15.5) 1s true, uniformly in 7,>0, then Theorem 15.1 becomes

Theorem 14.2 1if W,(x)>0. If W,(x)>0, what additional condition should we

impose on S or some others else to conclude uniformly AS? It needs further
research!!!

Remark 15.6 Is the following statement true? Why? Show it if yes! Give a counter
example if no!

lim [ 77, (x(s3t,.x,))ds = W, (x,) < o, uniformly in £, >0 =
fo

F—»00

Im W, (x(t:1,.x,))=0.for x,e{xeB | W,(x)< p}.unformlyin ¢,>0.

Remark 15.7 Can the condition of | f(z.x)||<K be removed or replaced by a

weaker condition? I think 1t could be!




Theorem 15.2 Let 7 :[0.)xG — R beof C' such that

W (x) <V (t, x) <V, (x): (15.6)
V'(f,x):%Jri—Vf(f,x)éO, Viz0, YxeG: (15.7)
i N

Vit+n. x(t+n.t.x)=V(t.x)<=AV(t.x), 0<Ai<l, (15.8)
where 7 (x)>0(;=12)., n>0. x(f+n:t.x) 1s the solution of (15.1) that starts
at (f,x). Forany x,e{xeB, cG|W,(x)<p}, p< ﬁf} W, (x), (15.1) 1s uniformly
AS. Moreover, if all the assumptions hold globally and W, (x) is radially unbounded,
then, (15.1) 1s globally uniformly AS. If W (x) and W,(x) satisty

W)=k [[ x|, W) <k, [~ k,>0(j=1L2), ¢>0,

then, (15.1) 1s exponentially stable.




Proof. Chooser >0 and p>0 suchthat B, G and p< ﬁ]llj} W, (x), and
xpelxeB, |[Wy(x)<pt = x(ti,.x,)eQ, , CixeB, [W(x)=p}
Based on (15.8). for t>¢,20. x,e{xeB | W,(x)< p}. we have
Vit+n.x(t+n) <V (tx()— AV (L. x(1)) = (1-A)V (1. x(1)) .
Since V'(f,x)<0,
Vs, x(s))<V(t.x(t))., Vselt.t+n].

Let N >0 be the smallest positive mteger such that 7 <7,+ Nn . Divide the interval

[f,.T, (N —Dn] mto N-1 equal subintervals of length 5 each. Then




V(t, x(0) <V (ty+(N =D, x(t,+(N—-Dn))

<=2 (t, +(N-2)n.x(t, + (N =2)n))

<

<=2V (t,. x(t,) =(1=2)"V(t,. x,)

t—tg

1 1 a
EH(I_A)NV(TW'YO)EEG_A) TV (2o, %)

t—tg

L) w,(xy).

-4

<

Since W (x)>0 and W,(x) >0, There exist a,, a, € K such that

a,([x) =W (x). W,(x)<a,(lx]).




>0.So

1 .
Let (1-1)" =e ™", whichresultsin b= 1 In-
n 1-4

v, x(r))zﬁ(l—ﬂﬁaz(uxo < Bla,(lxg ).t —1,).

)
1-4
|x(t:1g.x9) | = | x(0) 1< a7 {BCaty (| xg . 1 — 1) = Bl xg |1 —1,) €KL .

Therefore. (15.1) 1s uniformly AS. It 1s easy to show the remaining parts for global
case under the given conditions and exponential stability. [

e e KL . Then

where [(r.f)=

Remark 15.8 If A >1 1n (15.8). the result of Theorem 15.2 1s still true because we
can obtain

V(t+n. x(t+n.t.x)=V(t.x) < =AV(t.x) < =AV (1. x).

where 0< 2 <1. So the restriction of 0< <1 canbe replacedby 1>0.




Summary

l. Uniform AS of nonlinear time-varying systems with weak form Lyapunov
condition 1s a very important 1ssue in control theory. It is still a hot research topic in
mternational control circle. You are encouraged to jump into study if you are
mterested in this issue.

2. The condition (15.8) of Theorem 15.2 has a clear control background. The details
are founded in p. 322 of Nonlinear Systems 3™. authored by H. Khalil.
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